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Abstract: Let F, be then X nFourier matrix on the cyclic group Z,, a renowned theorem of Chebotarév asserts
that all minors in F,, for prime n are non-zero. In this short note it is shown that (i) all principal minors in the
Kronecker product F, ® F, are non-vanishing (principal non-singularity) for distinct odd primes p, g if g is large
enough and generates the multiplicative group Z *I;; (ii) the Fourier matrix on Z’Z‘ X Z,is principally non-singular
upon permutation (in particular, for k = 1 the identity permutation suffices) for odd prime g and k =1, 2, 3. The
proofis just an exposition of existing techniques reorganized in a unified way. The result will have implications
in combining Riesz bases of exponentials.
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1 Introduction

Let A be a square matrix whose rows and columns are indexed by the same set, and 7, 7 subsets of the index set.
Denote by A[Z, J] the submatrix obtained by taking row indices from 7 and column indices from 7 (If 7, J are
singletons then it is the corresponding entry, i.e., A[i, j] means the i, j-th entry). A minor is the determinant of a
submatrix satisfying |Z| = |J|. If in addition 7 = 7, then the submatrix is called principal and its determinant
is called a principal minor. We shall say that a matrix is principally non-singular if all its principal minors are
non-zero, and principally non-singular upon permutation if there is a column permutation so that all principal
minors in the permuted matrix are non-zero.

LetZ, = {0,1,- - -,n — 1} be the additive cyclic group of order n, and set{,, = e7i/n_The Fourier matrix on
the finite Abelian group Zy X -+ X Z, isthe matrix indexed by Z, X - --X Z, withits j, k-th entry given by
H‘;zlf;{jk” where both j = (j;,- - -, j) and k = (ky, - - - ,kg) arein Z, X --- X Z, .Itis typical to further attach
the factor n='/2 with n = n, - - - n,; to make the matrix unitary, but in this article it is more convenient not to
include this scaling factor. When d = 1, it is then the usual n X n DFT matrix scaled by \/ﬁ and we denote it by
F,. Therefore F, can also be viewed as ann X n Vandermonde matrix on n-th roots of unity.

A celebrated theorem of Chebotarév (see e.g., [1]) states that if p is a prime number, then all minors in
F, are non-zero. For composite n this is in general not true, for example if n =4 and 7 = {0,2}, then all
entries in the principal submatrix F,[Z, I] are identically 1. This theorem is also equivalent to the enhanced
additive (compared to the usual productive uncertainty principle as in [2,3]) uncertainty principle (see [4]) that
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[supp(X)] + |supp(Fp)?)| > p+1, where supp(X) = {k € Z,: X # 0} is the support of X. There are also other
additive improvements of the uncertainty inequality for composite n, see, e.g., [5], but to translate uncertainty
inequalities to principal non-singularity of Fourier matrices, an additive inequality on subvectors in the form of
[6, Proposition 2] will be needed.

There have been efforts on understanding whether permuted Fourier matrices can be principally non-
singular, this is primarily motivated by classical questions in sampling theory such as: combining Riesz expo-
nential bases on disjoint sets to form a new Riesz exponential basis on the union of these sets, or conversely how
can we split a Riesz exponential basis on a set to get Riesz exponential bases on each individual component in a
partition of the original set. In the introductory part of e.g., [7,8] there are rich examples showing the complexity
of this problem. A Riesz basis is the image of an orthonormal basis under a bounded (away from both co and 0)
linear operator. In the absence of an orthogonal exponential basis (e.g., triangles and disks admit no orthogonal
Fourier bases [9]), a Riesz exponential basis would be a good choice for analyzing and reconstructing functions.

Denote the multiplicative group modulo n by Z;. In simpler settings such as when the underlying set is a
finite collection of intervals with rational end points, the possibility of combining or splitting Riesz exponential
bases will rely critically on the principal non-singularity of F,, upon permutations. The conjecture that F, is
principally non-singular upon permutation (in particular it is conjectured that the identity permutation shall
suffice if nis square free) is thereof posed in the recent work [10,11]. This is supported by numerical experiments
up to n = 30 and proved for n = 2p and n = gr in [6] for odd primes p, g, r with g large enough and generating
7. 1tis also known (see e.g., [12]) that as n grows the smallest non-zero principal minor in n~'/2F, (scaled to be
unitary) decay exponentially (e.g., the minimum principal minor is about 10~ for n = 30), which makes them
difficult to detect numerically. Principal non-singularity of a Fourier matrix on a finite Abelian group G can also
be interpreted as a form of uncertainty principle that vectors on G and their Fourier transforms can not have
disjoint supports.

Let A € C™" and B € C™*" | the Kronecker product A ® Bis an mm’ X nn’ matrix defined as

Al0,0]B - -- A[0,n—1]B
A®B= S : : )
A[m-1,01B --- A[m-1n-1]B

Since any k € Z,,,, can be uniquely written as k = q;n + r; for some ¢, € Z,, and some r, € Z,, from (1)
it is clear that F,,, ® F,, is the Fourier matrix on Z,, X Z, with the index correspondence being that the j, k-th
entry in F,, ® F, corresponds to the (q;, q;), (rj, 1)-th entry in the Fourier matrix on Z,, X Z,,. This also shows
that F,, ® F, only differs from F, ® F,, by a simultaneous permutation. Moreover, if m, n are co-primes, then
Zypn = Zy, X Z, implies that F,, ® F, also differs from F,,, by row and column (not necessarily simultaneous)
permutations in such case.

The purpose of this short note is to show in Corollary 1 and Corollary 2 respectively that F, ® F, is princi-
pally non-singular for distinct odd primes p, qif g islarge enough and generates 27, and that F, ® - - - ® F, ® I,

——
k terms
is principally non-singular upon permutation (in particular, for k = 1 the identity permutation suffices) for odd
prime g and k = 1,2, 3. The proof is essentially the same as in [6,13] with the method summarized and unified in
Theorem 1.

2 Main results

The following lemma is originally stated in [13, Lemma 2] for polynomials on finite fields of prime orders, it
actually holds in many cases (e.g., it is true in C[x]) since all we need for it to hold is just a polynomial ring with a
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well defined notion of non-vanishing formal derivatives that satisfies the product rule and allows factorization
intolinear factors, hence we state it for polynomials on integral domains for most generality (see e.g., [14, Chapter
I11-6, Theorem 6.7-Theorem 6.10]).

Lemma 1. [13, Lemma 2] Let D be an integral domain of characteristic q, and p(x) € D[x] a polynomial. Suppose
that a # 0 is a root of p(x) with multiplicity m, and h is the number of non-zero coefficients of p(x), then m < h
holds if one of the following two conditions holds:

— ¢ > 0and the order of p(x) is less than q;

- q=0.

Proof. We may without loss of generality assume that the constant term of p(x) is not 0, otherwise we may simply
divide the lowest term out. The proof is then by induction on the order of polynomials. For linear polynomials
the statement trivially holds. Suppose it holds for all polynomials of order up to k — 1, and consider now an order
k polynomial p(x). Since D is an integral domain, not only can we write p(x) = (x — a)™r(x) for some polynomial
r(x) with r(a) # 0, but also we can apply the product rule to compute its formal derivative to be p’(x) = (x —
a)m‘l(mr(x) + x—-ay’ (x)), and verify that the multiplicity of a as a root of p’(x) is m — 1. Indeed, the term
m(x — @)™ 'r(x) is non-vanishing since either the characteristic is 0 or m < k < ¢. Since p(x) has a non-zero
constant term, the number of non-zero coefficient of p’(x) is precisely h — 1, thus by the induction assumption
we getm — 1 < h — 1, which leads to m < h as desired. O

Remark. The arguments may appear to be trivial at first glance, but it is important to carry it out on integral
domains, otherwise the factorization may not be well defined.

Theorem 1. Let m,n € N, and suppose that F is a matrix in which every entry is an integer power of {,,, then
F @ F, is principally non-singular if both conditions below are satisfied:
() Theideal (1 - ¢,) is primein Z[(,,,), and the characteristic of Z[(,,,1/(1 — &) is either 0 or at least n;
() f) is principally non-singular in Z[¢,,,1/{1 — C,), where f is the canonical epimorphism from Z[(,,,] to
Z[Cmn]/<1 - Cn>

Proof. Let G be the index set of rows and columns in F, we will use G X Z, to index entries in F @ F,. The
purpose is to show that (F ® F,)[K, K] is invertible for any given index subset K C G X Z,,. First we shall align
some notations:
Set
I={i: ((,7).(.j") € LXK},

Intuitively i € T means that (F ® F,,)[K, K] contains some rows from the block
(F[i, 0F,, ---, Fli,|G|— 1]Fn>.

For each fixed i € G, further set
,={": (4,1, (j") e Lx K},

so that Z; contains row indices from the above block that are active in (F ® F,)[K, K].
Similarly we will use

J={j: (WG ekxky, J={" (@) e Kx K},

respectively for active vertical blocks and active column indices in corresponding vertical blocks. Since (F ®
F,)IK, K] is a principal submatrix we certainly have I = J,and Z; = J; if i = j.
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Assume the contrary that F @ F, is principally singular instead, then there is some K such that (F ®
F)IK, K]is not invertible. We may view (F ® F,)[K, K] as a linear operator on (@(Cmn)) “Cl, then there is some
non-zero Z € ((IZD(Cmn))“CI so that

(FQF,)IK,KlZ=0.

Clearly by scaling we can take Z € (Z[{,,,]) "I instead. Moreover, if 7 is not identically zero, then we may without
loss of generality assume that there is at least one entry in it that is not divisible by 1 — {,,, otherwise we may
simply factor 1 — ¢, out from Z.

Foreachj € J,letZU) € (Z(y,))
are in J;, then

71 be the subvector of 7 obtained by keeping only entries whose indices

(FQFIKKIZ=0 « Y FlijIF,Z"=0Viel
jeJ
Since F,, is a Vandermonde matrix, for each j € J we may further define the polynomial S;(x) € Z[{,,,][x] to be

_ () yk
sw= 3 4"
keJ;
where zﬁ(j )is the entry indexed by k in z¥, then since J; € Z, by construction, each S;(x) is a polynomial of order
at most n — 1, and we get

Y Fli,jIF,Z7 =0,YieT <« ) Flijls(¢) =0,Vie 1,v/ € I,
jeJ jeg
Now for each i € 7, define the polynomial T;(x) € Z[,,,1[x] to be
T,00 = Y Fli, j1,00),
jeg
and let T(x) and §(x) be vectors formed by T;(x) and S ]-(x) respectively, then (recall that 7 = 7) we obtain

T(x) = F[Z, J1S(x) = FIT, I]S(x),

and each T;(x) vanishes on ¢/ forall # € .

Set D = Z[{,,,1/{1 = £,), then (i) implies that D is an integral domain. Apply the canonical epimorphism
f: Z[¢,,,] — D to coefficients of each T;(x), we obtain a new polynomial Ti(x) € D[x].Since {, =—-(1—-¢,) +1
we see that f({,) = 1, therefore f(é’r’l‘) = f(é’n)k =1for all k € Z,,. Now T;(x) vanishing on é’rf for all 7 € I,
implies that it is divisible [],¢; (x — /), consequently T,(x) is divisible by (x — 1)I%l,

LetS 00, S(x), T(x), F be the images of 800, S(x), T(x), F under f respectively. By (ii) we also have that

800 = (FIZ, IDT'T(x0).

For each i € T and each j € 7, denote the entry (F[z, D)7, il (this is well defined since J = I) by Z‘j’i, then
we have
i€l
Now let iy, iy, - - - {j7—; be an enumeration of the set 7 with the property that
T, <IL 1 < <L,
andset jo = iy, j; = i1, * *» J7j-1 = {711 (This is well defined since Z = 7). Then the polynomial Sjo (x)haslasa

root of multiplicity I; |, but by constructionithas atmost | J; | = |I; | non-zero coefficients, therefore by Lemma 1
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this indicates that S ;,00 Is identically 0. Repeat the procedure on 7\{iy}, and J\{j,}, we assert that S j,(x) is
identically 0, and so forth S iy ), --S qu(X) are all identically 0. This means for every j € J and every k € J,,

the term zg(j ) is divisible by 1-¢,, i.e., every entry of Z is divisible by 1 — ¢,,. This contradicts the assumption
that at least one entry of Z shall be not divisible by 1 — ¢,. Therefore such X does not exist, and F ® F, has to
be principally non-singular. O

Assumption (i) of Theorem 1 ensures that reduction modulo 1 — §, yields an integral domain, allowing us to
apply Lemma 1, and carry out multiplicity arguments without zero divisors. By Lemma 2 below, this condition
is also equivalent to n being a primitive root modulo m.

Let @ be the Euler totient function, and Fpr the finite field of p¥ elements. It is well known (see e.g., [15,
Corollary 2.1.25]) that Z* is cyclic if and only if m € {1,2,4, p¥,2p*: p odd prime, k € N}.

Lemma 2. [6, Lemma 3] Let q be an odd prime and m € N with ged(m, q) = 1, then the ideal (1 — { ) is prime in
Z[E gl if and only if q generates Z;, (hence Z, is cyclic). Moreover, in such case

ZLGng /(1= Co) = From.

Lemma 3. [6, Lemma 4] Let p, q be distinct odd primes, then the image of {, under the canonical epimorphism
from Z[§ 1 to ZIE ,,1/(1 = £?) is still a primitive p-th root of unity.

Lemma 4. [16, Theorem A] For every odd prime p, there is a constantT",, such that ifq > I, is another odd prime
that generates Z*I‘), then all minors of F , (interpreted as the Vandermonde matrix on p-th roots of unity in Fp-1)
are non-vanishing in Fyp-1-

Remark. Roots of unity behave differently in finite fields compared to in extensions of Q, for example 2 is an 11-
th primitive root of unity in F,, but 2* + 22 4+ 2! + 20 = 23 = 0 (mod 23), so it vanishes on a polynomial of order
4 instead of order 10. Therefore in contrast to what the Chebotarév theorem asserted in C, it is actually possible
for F p to have vanishing minors in finite fields (see [16, Example 4.1, Example 4.3]). Moreover, in the setting of
Lemma 4, the p-th cyclotomic polynomial will actually decompose into linear factors in [, -1 (this can be derived
by e.g., applying [17, Theorem 59]) since g*~* = 1 (mod p), which is why the statement of Lemma 4 is non-trivial.
The proof in [16, Theorem A], as well as methods in e.g., [18], uses the formula of generalized Vandermonde
determinant in [19] and checks the sum of coefficients of the Schur function in that formula.

Corollary 1. Let p, q be distinct odd primes, if q generates Z*;, and q > I, (whose value is defined in Lemma 4),
then F, ® F is principally non-singular.

Proof. The statement is proved by applying Theorem 1 on F = F), and n = q. Indeed, when we apply the canon-
ical epimorphism f: Z[$,4] = ZI{ g1/ (1 — ), we see that (i) is satisfied by Lemma 2, while (ii) is satisfied by
combining Lemma 3 (which indicates that f({,) remains a primitive p-th root of unity) and Lemma 4 (which
shows that f(F ) is principally non-singular). Therefore by Theorem 1, F, ® F, is principally non-singular. []

Lemma 5. [13, Lemma 1] If q is a prime, then the ideal (1 — ) is prime in Z[{,), and Z[§,1/{(1 - §,) = F,.
Corollary 2. Let F®* = F, ® - - - ® F,, if q is an odd prime and k € {1,2,3}, then F®* ® F, is principally non-
—_—

k terms
singular upon permutation. In particular, for k = 1 the identity permutation suffices.
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Proof. We will prove the statement by applying Theorem 1 with F = F?kP and n = q for some appropriate
permutation matrix P. Notice also that in this setting we have m = 2.

Since ¢ is odd we get ¢,, = —C;, which indicates that Z({,,) = Z({,). Thus applying Lemma 5 we see that
(i) holds for all k € N.

Every entry in ka is either 1 or —1, which is still +1 under the canonical epimorphism from Z[/] to
Z1¢,1/{1 = ¢,)- A principal minor will only vanish if it is divisible by q. Therefore if there is a permutation P
such that every principal minor in F?kP is a power of 2, then (ii) will be true for all q.

If k =1, then this trivially holds with P being the identity permutation I. For k = 2,3 the corresponding
permutations and the principal non-singularities after permutations are produced and verified by an exhaustive
search using the Python program in the appendix. There are eight such permutations for k = 2 and 64 such
permutations for k = 3.

Now as both conditions are satisfied, we can conclude by Theorem 1that F ® F, is principally non-singular.
Then using the identity (see e.g., [20, Lemma 4.2.10]) that (A ® B)(C ® D) = (AC) ® (BD) when the multiplications
AC, BD are well defined, and denote by I the identity permutation on C%* we get

FQF, = (FPP) @ (F,) = (F*®F, ) (PRI,

Since P ® I is again a permutation matrix, this indicates that Ff”‘ ® F, is principally non-singular upon permu-
tation. O

It is worth mentioning that F2®k is a real Hadamard matrix (of Sylvester type), and therefore a representa-
tion of the k-th order Walsh system. Walsh functions are piecewise constant functions on the unit interval that
takes value +1, they form an orthonormal basis of L2([0,1]). The k-th order Walsh system is a subset of Walsh
functions consists of 2X mutually orthogonal elements, each of which is constant on the intervals [j /2%, (j + 1) /2)
with j=0,1,- - -, 2% — 1. By a proper ordering they correspond to a real Hadamard matrix with the i, j-th entry
of the matrix being the value of the i-th function on the interval [j/2¥, (j + 1)/2%). The principal non-singularity
upon permutation indicates that we can restrict these functions to any subcollections of dyadic intervals, and
there will still be a subsystem that remains linearly independent. It is also tempting to ask whether the prin-
cipal non-singularity upon permutation in all finite fields is a property also possessed by other real Hadamard
matrices.

Appendix

The following Python 3 code (prepared with Python 3.9.2, Scipy 1.6.0, Numpy 1.19.5. On a Raspberry Pi 400
microcomputer it runs for about 10 s) is used to verify that Ff’z and F£®3 are principally non-singular upon
permutation in finite fields. It merely generates all possible column permutations and for each permutation
looks through all principal minors. The largest principal submatrices are those 7 X 7 submatrices in F®*, their
determinants will not exceed 7! = 5040 < 8192 = 212 in absolute value (indeed, the determinant of an n X n
matrix is a multivariate polynomial consists of precisely n! terms, each term is a product of matrix entries.
Since all entries in the matrices here are +1, the determinant must be bounded by n! in absolute value), thus
for each principal minor we only need to check whether its absolute value is in the set {2:k = 0,1, - -,13}.
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import scipy.linalg
import itertools,numpy,math
bound=3
bPowers={1}
x=1
while x<=math.factorial((1<<bound)-1):
x*=2
bPowers.add(x)
F2=((1,1),(1,-1))
F=[[1,1L,01,-111
n=2
for k in range(2,bound+1):
F=numpy.kron(F,F2)
n*=2
res=[]
for perm in itertools.permutations(range(n)):
isSingular=False
for min range(2,n):
for comb in itertools.combinations(range(n),m):
LJ=numpy.ix_(list(comb),[perm[x] for x in comb])
d=round(abs(scipy.linalg.det(F[L)1)))
if d not in bPowers:
isSingular=True
break
if isSingular:
break
if not isSingular:
res.append(perm)
print(f“There are {len(res)} valid permutations for k={k}:”)
*map(print,res),
print(“Job Completed.”)
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