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conditions on the linear side constraints under which the cor-
responding SISO channels are identifiable.
© 2019 Elsevier Inc. All rights reserved.

1. Introduction

System identification is an important and challenging task in a variety of areas of
science and engineering such as physics, communications and control theory. The problem
is to identify a linear system H from its response Hg to a test signal g. In particular,
we ask which systems can be identified by such a probing scheme and how one has to
design the test signal g in order to identify a given class of systems.

This paper is motivated by the channel identification problem for continuous-time
multiple-input multiple-output (MIMO) channels H : (L?(R))N — (L%(R))™,

fi Hyy ... Hin f1 22;1 Hinfn
H| : |= : : N : , (1)
In Hypo oo Huwn In Zf:le Hr o fns

where each subchannel H,, ,, is an operator of the form H : L?(R) — L?(R) with

= //nH(t,u)MVth(x)dudt, f € L*(R). (2)

RxR

Here, N and M are the number of inputs and outputs, respectively, ng(t,v) is the

spreading function of H, T} is translation (time shift) by ¢ € R, that is, T3 f(x) = f(z—t),

and M, is modulation (frequency shift) by v € R, that is, M, f(z) = e*™* f(x). If
N =M =1, we call H ={H; 1} a Single-Input Single-Output (SISO) channel.

The identification problem for MIMO channels of the form (1) can be reduced [1,2]

to identifying a finite-dimensional system H : (C)N — (CL)M

H,, --- Hn

H = : :

Hy, -+ Hyn

where each subsystem H,, , : CL — CL is of the form

Z N (K, €) MT™. (3)

Here, T and M denote translation and modulation on CZ. They are defined by

Tx = (x1,...,00_1,20) and Mz = (W2, w'xy, ..., wr oy 1) with w = €2™/L
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respectively. This reduction allows us to carry out most of the analysis on identifiability
in a finite-dimensional setting. Therefore, we focus our attention to the finite-dimensional
channel identification problem which is formulated in Section 2. Its relation to the cor-
responding continuous-time problem is discussed in detail in Section 5.

Systems of the form (2) are of particular importance in communications as H f in (2)
describes the propagation of a signal f through a time-varying dispersive communication
channel [3,4]. In this case H is referred to as a linear time-varying channel with the
delay-Doppler spreading function ng. Especially in this communications setting, the
identification problem for linear systems of the form (2) has drawn much attention in
the past. In the SISO case, a series of papers [1,5-7] studied necessary and sufficient
conditions for the identifiability of H in terms of the support set of ng. More recently,
ideas from compressive sampling were applied to identify sparsely supported channels
[8] and extension to stochastic channel models was considered in [9].

During the last decades MIMO communication systems have gained much importance
because the channel capacity of such systems scales, in principle, linearly with the num-
ber of input and output antennas [10]. However, to achieve this potential gain in channel
capacity, the signals at the different inputs and outputs have to be uncorrelated. In a
communication setting, this requires a sufficiently large antenna spacing as well as a
sufficiently rich scattering environment of the communications channel [11-13]. Apart
from increasing the channel capacity, deploying a very large number (up to hundreds or
thousands) of antennas that operate coherently and adaptively helps the signal process-
ing and improves the energy efficiency and reliability of the communication link. This
paradigm, known as massive MIMO, has gained much interest over the last years [14].
On the other hand, the problem of identifying a system certainly gets more demanding
as the number of inputs and outputs increases [7], simply because for a system with N
inputs and M outputs, one has to identify NV - M individual subsystems. Nevertheless,
due to potential coupling of antennas and due to fading correlations, these subchannels
are often not completely independent. In many cases, the relation between subchannels
can be characterized analytically for specific channel models, see for example, [15,16].

In this paper, we formulate and study the channel identification of deterministic SISO
and MIMO systems whose subchannels have some a priori known linear relationship.
The linear relations are expressed in terms of linear constraints that can accommodate
relations between subchannels (for example, antenna coupling and fading correlations)
as well as relations within each subchannel. We would like to emphasize that the focus of
this paper is in the deterministic setting. Also, we assume that the spreading support of
each subchannel is known [2,17,18]. The corresponding problem in the stochastic setting
is to be treated in a forthcoming work.

This paper is organized as follows. In Section 2, we give a detailed review on the
finite-dimensional channel identification problem and then formulate our main problem
on the identification of SISO and MIMO channels under linear side constraints. Sec-
tion 3 is devoted to the SISO case, in particular, it is shown that linear side constraints
consisting of a single equation always remove a single degree of freedom from the SISO
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channel identification problem. We also provide some sufficient conditions on the linear
side constraints under which the corresponding SISO channels are identifiable. We extend
the SISO results to the MIMO setting in Section 4. Applications in the continuous-time
setting are discussed in Section 5, followed by some concluding remarks in Section 6. All
proofs are collected in Section 7.

2. Background and problem formulation

In this section, we shall first review the finite-dimensional channel identification prob-
lem and then formulate our main problem which takes into consideration linear side
constraints. We shall also develop the necessary mathematical background for the prob-
lem at hand. The transition to continuous-time channels is discussed later in Section 5.

2.1. Channel identification in finite dimensions

Identifying a channel prior to using it for communication is a classical problem in
electrical engineering. Communication channels, such as satellite, radio, microwave, can
be modeled in finite dimensions as linear combinations of discrete time-frequency shift
operators M*T* k. ¢=0,...,L —1, where T, M : CL — CT are the cyclic® time shift
and frequency shift operators defined respectively by

Tx = ($17.-.7$L_17I0),

Mz = (Worg,w'zy, ..., W e ) with w=e

2mi/L
Since {M eTk},iziO forms a basis of £L(CF, CF), every linear single-input single-output
(SISO) channel can be expanded in the form of (3) with unique coefficients n = n(H) =
{T}(kag)}é,ZiO called the spreading coefficients of H [19, Lemma 1]|. These coefficients
encode all the characteristics of H, for example, each coefficient 7n(k,¢) can be seen
as a gain factor associated with a transmission path with respective time-delay k£ and
frequency shift ¢ caused by the Doppler effect.

In this setting, the channel identification problem asks whether there exists a vector
c € C¥ such that every matrix of the form (3) with some restrictions (e.g., sparsity) on
7 can be uniquely recovered from He.

Definition 1. A class of linear operators H C £(CEr,CL2) is identifiable if there exists a
vector ¢ € C11 such that the map

®.: 1 —Cl Hw— He

is injective. Such a vector c is called an identifier for H.

L Cyeclic time shifts are certainly not an accurate representation of time delays that occur in communication
channels. To transition from non-cyclic to cyclic shifts, a cyclic prefix may be applied.
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If H is an identifiable linear space then it is necessarily of dimension less than or equal
to L.

Using the representation (3), any set of operators H C L£(C% C%) can be expressed
in terms of spreading coefficients, that is,

L-1

M= " 0k, ) MT" : {n(k,0)}; L, € Q
k,0=0

where operators in H and elements in © C CL*L are in one-to-one correspondence. In
particular, we are interested in operator classes with Q ¢ CLxL = CZr*Zr being of
the form CAx{0}ZexZL\A with A C ZxZp, where B4 denotes the set of functions
from A to B. Here and subsequently we will abuse notation and not distinguish the sets
CAX{0}ZLxZ)\A CAand CIM| as they are all isomorphic.

Definition 2. For A C Z xZy,, we define the single-input single-output operator Paley-
Wiener space® by

OPW (A) = span{M*T" : (k,t) € A} = {H e L(CL,CL) : suppn c A}.

For example, the class of operators consisting of linear combinations of translation
operators TF, k= 0,1,...,L—1, corresponds to having n(k,£) =0 for all but £ =0 (i.e.,
the only possible nonzero coefficients are 7(0,0), n(1,0), ---, n(L — 1,0)) and therefore
can be expressed as OPW (Z 1, x{0}).

According to Definition 1, the space OPW (A) is identifiable if and only if there exists
a vector ¢ € CL such that for each H € OPW (A) the equation

y=Hec= Z n(k,0) M*T*c = G(c)n (4)
(k,0)EA

is uniquely solvable in n = {n(k,€)}x,ner € CA, where G(c) is the Gabor matrix
introduced in the next section.

Let us mention that in this paper, we only consider the case where the spreading
support A C Z xZp, is known. For the study of identification of operators with unknown
spreading support, we refer to [2,17,18] and references therein.

2.2. Gabor system matrices

Given a window ¢ € CL| the full Gabor system matriz G(c) is the LxL? matrix
whose columns are the time-frequency shifts M'T%c, k,0=0,...,L — 1, of ¢, that is,

2 The terminology operator Paley-Wiener space stems from the analogous continuous-time identification
problem which is discussed in Section 5.
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G(c) = [c, Me, ..., MY e ‘ Tec, MTec, ..., ML 1Te |
| T e, MT e, L, METITE e
= [DOWL ‘ DlWL ‘ ’ DL—lWL], (5)

where Dy, = diag(T"¢) = diag(ck, ..., cL_1,C0,-..,Cr_1) and Wy = (62”’“"@)5;11:0 is
the Lx L Fourier matrix. For A C Z1xZy,, we denote by G(c)|, the submatrix of G(c)
formed with columns indexed by A, that is, G(c)|, = [MZch](;M)eA.

Recall that the spark of a matrix A € C™*VN with m < N is the size of the smallest
linearly dependent subset of columns, that is, spark(A) = min{||z||p : Az =0, z # 0}.
We say that A has full spark if spark(A) = m + 1. Here and in the following, ||z||o
denotes the number of nonzero entries in a vector z.

For ¢ # 0, the L? columns of G(c) form a tight frame of C* with frame bound L ||c||?
(see, e.g., [19]) and therefore G(c) always has full rank. Moreover, it is known that there
exists ¢ so that G(¢) has full spark:

Theorem 3 ([19,20]). Let L € N. For any A C ZpxZy, of size L, det(G(c)|,) s a non-
trivial homogeneous polynomial of degree L in the variables cq,...,cr_1. Consequently,
there exists a dense open subset S C CL of full measure such that G(c) has full spark
forceS.

Theorem 3 was proved in [19] for L prime by isolating the so-called lowest index
monomial from the determinant of G(c)|,. Later, [20] extended the result to all positive
integers L € N by finding the so-called consecutive index monomial.

As seen in Equation (4), the Gabor matrix G(c) plays a crucial role in operator
identification. When restricting Equation (4) to the space OPW (A) with A C Z,xXZy,
that is, if i is supported in A, the equation reduces to

y = G(c)[,l,-
This implies that OPW (A) is identifiable if and only if the matrix G(c)|, has linearly

independent columns. As a direct consequence of Theorem 3, we have the following
characterization on the identifiability of OPW (A).

Corollary 4. The space OPW (A) is identifiable if and only if |A| < L.
2.8. Multiple-input multiple-output channel operators
In the multiple-input multiple-output (MIMO) setting, say, with N inputs and M

outputs, a communication channel H consists of M N subchannels and is represented by
the M x N block matrix
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H,;, --- Hin
H = : :
Hy,; -+ Hyn

where each subchannel H,,, € CEXL is of the form (3). The corresponding channel
identification problem asks for the existence of a vector ¢ = (c¢),..., ™)) € (CL)N
such that H can be uniquely recovered from
Hy, - Hy ) ZnN:1 H,, c™
He=| z | = : (6
Hyy -+ Hynd [ ™) SN Hpe™

~

We will denote by n,,,, = [lm.n(k, Z)]L 1, € CL” the spreading coefficients of the
subchannel H, ,,.

Definition 5. For A = [A,, ,]M_ |V | with A, ,, C ZpXZp, define the MIMO operator

m=1ln=1

Paley-Wiener space OPW (A) by
OPW(A)={H : Hpp € OPW(Apn), m=1,...,M, n=1,...,N}.

By definition, the space OPW (A) is identifiable if there exists ¢ = (¢, ..., ™)) €
(CLYN such that the map H — He is injective on OPW (A). Since OPW (A) is linear,
this holds if and only if the conditions He = 0 and H € OPW (A) imply H = 0.

For the MIMO operator Paley-Wiener space OPW(A), we have the following identi-
fiability result.?

Theorem 6 ([7]). The space OPW (A) is identifiable if and only if 25:1 |Am.n| < L for
m=1,...,M.

As a consequence, the space OPW (A) is identifiable if and only if for m =1,..., M
the space OPW (A,,) with A,,, = {Amm}fj:l is identifiable. This reflects the fact that
N-input M-output channels can be separated into M systems of N-input single-output
channels. Certainly, this simplification fails in the case that we focus on, that is, in the
case that linear relations between subchannels of different m are present.

Theorem 6 is a direct consequence of the following generalization of Theorem 3.

Theorem 7. For every L, N € N, there exists a dense open subset Sy C (CE)N of full
measure such that the matrix

G, ... M)y .= [G (M) ) | Ge®) | - | G(C(N))} c CLxNL? (7)

has full spark for (¢, ..., c¢N)) € Sy.

3 Theorem 6 was first proved in [7] using a different proof technique.
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We can generalize Theorem 7 further to the following theorem.

Theorem 8. For every L, N € N and a = (ay,...,ay)T € CV\{0}, there exists a dense
open subset Sy .o C (CL)N of full measure with the property that the matriz

[G(Z2 ane™)la GeD)lany - G(eM)|ym] € ChxE (8)

is invertible for every (¢, ..., cMN)) € Sy o and every sets A, A ... AN C Z; <7,
with AN (AW U...UAM) =0 and |A] + [AD ] + ...+ AN = L.

An application of Theorem 8 is given in Example 33 below. See Section 7.2 for the
proof of Theorems 7 and 8.

2.4. Linear relations between and within subchannels

The necessary and sufficient condition for the identifiability of O PW (A) in Theorem 6
is based on the assumption that all subchannels and their components are independent,
in the sense that information about one subchannel does not help to identify another.
In case that linear relations between the subchannels (or their components) are known,
for example, when transmission and/or receiving antennas are not well separated, one
should certainly try to take advantage of such information in channel identification.

Let us now formalize the linear relations in terms of linear constraints. In the SISO
setting, we express the linear relations between the entries of 7 by the equation

b= An.

Including Equation (4), we obtain
y| _ |Gl
=W
Further, if n € CL” is known to be supported in a set A C Z XZp, the system reduces
G(c
HENER o)

In the MIMO setting, by rewriting

to

H,, ™ = G(c("))'nm,n7 m=1,...,.M, n=1,...,N,
in (6) we obtain the linear system

Y, Yol G(e™)n,,
l : ] =Hce=

Ym

25:1 G<C(n)) MNnn
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G(cWM, ..., cM) 0 0 m

0 G(cW,...,cMy ... 0 5

0 0 o GeWM, L ey Ly
where G(c,...,e™) = [G(ecM)| -+ |G(c™)] € CNE and m,, = {n,, .}, €
((CLQ)N for m =1,..., M. Similarly, we express the linear relations between and within

the vectors n,,,, m = 1,..., M, by the equation

M
b= Z A,
m=1

Combining the equations leads to*

Y, G(cW, ... M) 0 0
y2 0 G(c(l),...,c(N)) O "71
o . . . s
3/11)\/[ 0 0 o GeW, L ) 77;\4
A, A, Ay

Under the assumption that n,, = {n,,,}0=; € (CE*)N is supported in A,, =
{Amn}ho) C(ZLxZL)N, ie., suppm,,,, C Ay for all m and n, the system reduces
again to

g [EE el 0 m|
1 N 1
Yy 0 G(eM,... el ))|A2 0 |A1
. M2,
D= . : 2. o)
Yur 0 0 o GeWM e, :
Mo Ll
b Aily, Az|y, Anlp,, M

Now that the linear relations are incorporated into (9) and (10) for SISO and MIMO,
respectively, the identifiability of the corresponding class of channels with the linear
relations can be formalized as follows.

4 Organizing the collection of output vectors in a matrix, that is, choosing the representation

G(cWV) .. G(e™)

[m o mn] = [yl yM]’

A, Ay by o by

seems more natural. But unfortunately, side constraints would be of the form b; =
25:1 A;{’h,n; o by = 25:1 A;l'an7 which can only encode linear relations within each vec-
tor m,, but not between m,,--- , M,
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Definition 9. The SISO operator Paley-Wiener space OPW (A) with constraints b = An
is identifiable if there exists a vector ¢ € C** such that (9) is uniquely solvable for every
H e OPW(A).

The MIMO operator Paley-Wiener space OPW (A) with constraints b = an\;[:l A
is identifiable if there exists (¢(¥),..., ™)) € (CL)N such that (10) is uniquely solvable
for every H € OPW (A).

We will refer to the constraints b = An in the SISO case, respectively b =
27]\7{:1 A;m,, in the MIMO case, the side constraints associated with OPW (A), re-
spectively OPW (A).

The following proposition shows that the identifiability of OPW(A), respectively
OPW(A), with side constraints depends only on the matrix A, respectively matrices
A,,, m=1,..., M, and not on the choice of b. As the proof is simple, we leave it to the

reader.

Proposition 10. (a) The SISO operator Paley-Wiener space OPW (A) with side con-
straints b = An is identifiable by ¢ € C* if and only if the matriz

{GXT”A} (11)

A

s injective.
(b) The MIMO operator Paley-Wiener space OPW (A) with side constraints b =
ZM A,.m,, is identifiable by (¢, ..., ¢™)) € (CY)N if and only if the matriz

m=1

G(c(l),...,c(N))|Al 0 0
0 G(c(l),...,c(N))|A2 0
. o, . ’ (12)
0 0 o GeW, e M)
Aila, Az, Anlp,,
with G(eW,....eM) = [G(eM)| -+ |G(c™)] € CE*N* and A,y = (A}l C

(ZpxZ1)N is injective.

This proposition leads us to investigate matrices of the form (11) and (12) for SISO
and MIMO, respectively.

Note that choosing the empty set of side constraints gives the standard SISO/MIMO
operator Paley-Wiener spaces. In that case, the matrix (11) is reduced to G(c)|, which
can be made injective if and only if |[A| < L (see Theorem 3 and Corollary 4). Simi-
larly, the matrix (12) with the last row removed can be made injective if and only if
271:[:1 |Am.n| < Lform=1,..., M (see Theorems 6 and 7).
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Remark 11. The identifiability result for the standard operator Paley-Wiener spaces has
been reduced by Corollary 4 and Theorem 6 to counting the degrees of freedom involved
with the spreading support. Therefore, one could expect that a set of linear constraints
with rank k& would remove exactly k£ degrees of freedom from the channel identification
problem. As we shall see, this is true in general only for £ = 1 and even for this case the
proof of the argument is not as easy as may be expected. The result cannot be deduced
simply by counting the degrees of freedom but requires a careful analysis of the block
matrices appearing in Proposition 10. See part (ii) of Remark 12 for additional remarks
on degrees of freedom.

Remark 12. (i) It is worthwhile to note that the following statements are equivalent.
(a) The matrix {i} is injective.

(b) ker G Nker A = {0}.

(¢) The positive semi-definite matrix G*G + A™ A is strictly positive.

(ii) Let us recall that the intersection of two generic subspaces of dimension r and
s of an L dimensional space is trivial if » + s < L. Hence, for generic G € C¥*U and
A € CE*U with L, K < U, condition (b) holds as long as (U — L) + (U — K) < L, that
is, 2U < 2L + K. Note further that in our setup, we have U = |A[, so it seems as if we
can compensate any size of A as long as we have sufficiently many conditions on A, that
is, as long as K can compensate for large A. But this observation is far from concluding
our discussion, as both matrices A and G are not generic in our setup. Moreover, the
question at hand is whether for a given A (not a generic one) we can find a vector ¢ so
that ker (G(c)|,) Nker A = {0}.

(iii) In the SISO setting, imposing the side constraints b = An can be understood
as restricting the vector n € CL* to the affine subspace {n € cl® . An = b}. Side
constraints in the MIMO setting can be viewed in a similar manner.

To illustrate how natural and useful the consideration of linear constraints is, we
give two examples, one in the multiple-input single-output and one in the single-input
multiple-output setting.

Example 13. (i) In the two-input single-output setting (M = 1, N = 2), Theorem 6
states the necessary and sufficient condition [Aj 1| + |A12] < L for OPW(A) to be
identifiable. However, if the channel of interest is known to have an identical component
in its subchannels, for example, if H = (H; 1, H12) satisfies (0,0) € A1 NA;2 and
11,1(0,0) = 1, 5(0,0), then by counting the degrees of freedom associated with 7, ; and
11,2 one can expect that OPW (A) is identifiable even if [Ay 1| 4+ [A1 2] = L + 1. This is
indeed true and can be verified using Proposition 10. A detailed argument is given in
Section 7.1.
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(ii) In the single-input two-output setting (M = 2, N = 1), Theorem 6 gives the
necessary and sufficient condition that |A;1] < L and |Ag2:1] < L, for OPW(A) to
be identifiable. However, if a channel H = (Hi:,H21) € OPW(A) is known to
have some identical components in its subchannels, i.e., 7y ;|s = 1 1|5 for some S C
A1 1 N Ay, then it turns out that OPW(A) is identifiable if max{|A; 1\S|,|A21|} < L,
or max{|A1,1],|A2,1\S|} < L, or max{|A11\S| + |A2,1\S],|S|} < L. This allows the
identification of H even if the classical requirements |Aq1] < L and |A2;] < L are not
satisfied. As an extreme case, H is identifiable when S = A;; C Ao with |[A1| =L
and |Ag 1| = 2L. See Section 7.1 for a detailed discussion.

Remark 14. To develop an identification procedure for OPW (A) with side constraints
b = An involves the following ste}ps. For simplicity, we shall assume 0 = b = An. After

ensuring that the matrix {G(Z”A has trivial kernel for some, and hence for almost all

c, we note that kerA = (ranA*)* is a subspace of C* with dimension |A| — rankA.
Let B € CIAIX(Al=rank4) he o matrix whose columns form an orthonormal basis of
kerA = (ranA*)+ C C*. We now pick ¢ € CL so that the embedding

G(c)|p o B € CLx(Al-ranka)

is bounded below by « and above by 8 with 8/« not too large. The identification problem
corresponds now to solving

(G(c)aeB)z =y

for @ and setting n = Bzx. If L > |A| — rankA and G(c)| o B is left-invertible, then
the space OPW(A) with side constraints b = Amn is identifiable. Note that in case
L > |A| — rankA, we can apply linear regression methods to obtain the least squares
solution in case that our measurements y are affected by noise.

3. Identification results for SISO channels with constraints

Let us start with SISO channels that have some linearly related components. As in the
statement of Proposition 10(a), we shall consider SISO channel operators in the space
OPW ((A) and represent the linear relations by the equation b = An. Then, identifiability
of OPW (A) depends on the injectivity of the matrix given in (11). We will show that
if A consists of a single row, then the space OPW(A) with |A|] = L 4+ 1 under the
linear relation b = An is always identifiable. Comparing with Corollary 4, this result
overcomes the fundamental limitation on the size of A by taking into account the linear
side constraints.

Theorem 15. Let A C ZpxZy with |A| = L+ 1, and a € CM\{0}. There exists c € CE
such that the (L + 1)x(L + 1) matriz [G(ac*)lA] is invertible. Moreover, such vectors ¢
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constitute a dense open subset of C* with full measure. Hence, the space OPW (A) with
side constraints b = a*n|s, where b € C and n € (CLZ, is identifiable.

The proof of this result relies on the following lemma.
Lemma 16. Let A C ZxZy with L +1 < R = |A| < L?. Then
span{ker G(c)|s : c € S} = Ch,
where S is the set of all ¢ € C such that G(c) has full spark (cf. Theorem 3).

Unfortunately, to obtain an identifiability result from this lemma requires to restrict
ourselves to |[A| = L + 1 as in Theorem 15. The proof of Theorem 15 and Lemma 16 are
contained in Section 7.3.

Theorem 15 does not allow us to draw conclusions for the case of linear constraints
with multiple equations. Indeed, if A has multiple rows, the intersection of the row
spaces of A and G(c)|pn may depend on the choice of ¢. Below we give an example of
A C Zj, X7y, with size L+ 2 and linear constraints of two equations such that the matrix
[G(f‘)"‘} is singular for all ¢ € CF.

Example 17. Let L = 3 and A = {(0,0), (0, 1),(0,2), (1,0), (1,1)}. The matrix

Co Co Co €1

a C1 weq UJ2 C1 C2 wceo
(@] _ 2 4 2

A = Cy W'Cy Wity Cop WC

11 1 0 O
0o 1 1

o

is singular for all ¢ = (cg, c1,c2)t € C3. Indeed, the first row is a linear combination of
the fourth and the fifth row.

Below we give an example of a matrix A € CEXE* such that the matrix [GXI”A} is
A

not injective for every ¢ € C* and A C Zp xZ, of size 2L.
Example 18. If

A= (I M7 M0 et

)

then the 2L x L? matrix fo) is rank deficient for all ¢ € C¥. To see this, observe that
the row vectors of A can be expressed as

00:(1,1,...71)T®60,
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vi=1Lw . Lo T gey,

vp1 = (Lw ED ,w_(L_l)z)T ®er_1,

where ey is the ¢-th canonical basis vector. It is easy to see that the sum of all rows of

G(c) is equal to L_Ol( 5;01 wke) vy, hence, the rows of [GXI)] are linearly dependent.

Note that increasing the ratio of the size of A with the number of constraints may help
to keep the intersection of the row space of A and the row space of G(c)|, trivial. But
Example 18 shows that there exists an L-dimensional subspace in the L2-dimensional
space, which intersects nontrivially with the L-dimensional row space of G(c) for every
ces.

3.1. Sufficient conditions

As seen in Example 17, it is impossible to extend Theorem 15 in full generality to
linear constraints with multiple equations. However, for some A C Z xZ, and generic
A there generally exists a ¢ such that {G(Z)‘A} is injective. In the following, we present
some conditions on A C Z xZ and A that guarantee the existence of such an identifier
c. For this we need some definitions.

Definition 19. With each A C ZpxZjp we associate an L-tuple 7(A) = 7 =
(70, 71+, TL—1), where 7, = 7%(A) := |[AN ({k}xZy)| is the number of elements in
A that are of the form (k,¢), ¢ € Zy.

Clearly, any L-tuple 7 = 7(A) with A C ZpxZp, satisfies 7 € {0,1,..., L} and
|IT|l, = |A] (referred to as the size of T).

Proposition 20. Let A C Z xZy, be of size L, and T(A) = (70, 71,-..,70-1). For every

monomial c§°cSt ... c; " appearing in det(G(c)|,), we have
L-1 L—1
Zj-aj = L(L—l)/2—|—Zj-Tj mod L.
7=0 j=0

Proof. When 7(A) = (L,0,...,0), every generalized diagonal of G(c)|, yields the mono-
mial cocy ... ep—1, whose indices add up to 0+1+...4(L—1) = L(L—1)/2. Now consider
the general case 7(A) = (79, 71,...,7—1). Compared to the case (L,0,...,0), we have
71 columns with all indices of ¢;’s increased by 1 (modulo L), 7> columns with all indices
of ¢;’s increased by 2 (modulo L), and so on. Therefore, any monomial produced from a
generalized diagonal of G(c)|, has total index sum L(L—1)/2471+2m+...+(L—1)71
modulo L. O
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Motivated by Proposition 20, we associate with each monomial in ¢y, ...,cr—1 (resp.,
with each L-tuple of size L) an integer-valued index number defined modulo L.
Definition 21. The indez number of a monomial m = c{°c*...c7"," is defined by
ind(m) = ZJL o J - aj modulo L.

Definition 22. For any T = (79, 71,...,7-1) € {0, 1,...,L} with ||7]1 = L, the index
number of T is defined as ind(7) = ( -1)/2+ Z] o L 7; modulo L.

It is straightforward from Definition 22 that ind(7™7) = ind(7) for n € Zy. This
is consistent with the fact that given A C ZxZy, of size L and n € Zy, there exists
a constant o # 0 with det([M*T" |k oye(n,0)4a) = o - det([M T c| (1, 0yen), where both
sides are understood as polynomials in cg, ..., c—1 (cf. [20, Lemma 4.1]).

Example 23. Let L = 3. All the possible L-tuples T = (79,71, 72) with 70 + 71 + 72 = 3
are (3,0,0), (2,1,0), (2,0,1), (1,1,1), up to cyclic shifts. Consider any A C Z, xZ, with
T(A)=T.

(i) 7= (3,0,0),(0,3,0),(0,0,3): The only monomial appearing in det(G(c)|,) is cocica,
and ind(7) = 0.

(ii) = (2, 1,0),( ,1),(1,0,2): Monomials appearing in det(G(c)|,) are cici, coc3,
¢3¢y, and ind 7') =

(111) = (2,0,1), ( ,0),(0,1,2): Monomials appearing in det(G(c)|,) are cics, coct,
ci1c3, and ind(7) =

(iv)T=(1,1,1): Mo nomlals appearing in det(G(c)|,) are ¢3, cocicz, ¢}, ¢3, and ind(7) =
0.

We are now in position to formulate a sufficiency result for the identification of chan-
nels with constraints.

Theorem 24. Let A =[Ag| A1 |-+ |AL_1] € CLXL* where each Ay is an Lx L matriz.
Ifdet Ay, # (—=1)E=1.det A4y for some k, then the 2L x L? matriz [GIS‘C)] has full rank

for a.e. ¢ € CL. Further, if L is a prime, it is sufficient that det Ay, # (—1)Y~1det Ay
for some distinct k and £.

Example 25 (Ezample 18 revisited). As seen in Example 18, the 2Lx L? matrix [GX:)}
with

A=[I | M. | M D] ¢ cLxL?,
is rank deficient for all ¢ € CF. Notice that since det(M %) = (=1)*E=1 for k =
0,...,L —1, the conditions of Theorem 24 are not satisfied. However, as soon as one of
the submatrices of A is scaled by a non-unit constant, e.g., if
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_ _([— 2
A=[2I | M- | M~ ED] ecEE,

it follows from Theorem 24 that the matrix [GAC)} has full rank for almost every ¢ € CL.

We define a partial order on the set of all L-tuples by
T=(70,71,...,7—1) 2T = (10,70,..,T1) & T, <7,75=0,...,L—1

Theorem 26. Let A C ZpxZj, be of size R (> L). Assume that there exists a subset
A C A of size L with

(i) 7;(A) = 7;(A) whenever ;(A) # 0;

(i) ind(7") # ind(7(A)) for every L-tuple 7" <X 7(A) of size L different from 7(A).

Given any full spark matriz A of size (R— L)X R, the vectors ¢ € CL such that the Rx R

matric {G(;)I;} is invertible constitute a dense open subset of CL with full Lebesgue

measure.
To support this theorem, we give some examples.

Example 27. (a) Let L = 5 and A= {(0,0), (0,1),(0,2),(0,3),(0,4),(1,0),(1,1),(1,2),

(1,3)}. Then 7(A) = (5,4,0,0,0) and the matrix G(c)|5 is given by

Co Co Co Co Co C1 C1 C1 C1
2 3 4 2 3
C1 wep wtep w"C1 W C1 C2 Wey W7Co w"C2
C2 w202 w402 w602 w862 C3 UJ203 w403 w603
C3 w303 w603 w903 w1203 Cq w304 w604 OJ904
Cq w4C4 UJ8C4 w1204 w1604 Co w4C() UJSCO w1200

The L-tuple 7 = (5,0,0,0,0) satisfies the conditions (i), (ii) of Theorem 26. Indeed,
(i) is clear, and to verify (ii), let 7/ = (7,7, 74, T4, T4) = 7(A) with ||7/[l; = 5, be an
L-tuple different from 7. The only possible 7’ are (1,4, 0,0,0), (2,3,0,0,0), (3,2,0,0,0),
(4,1,0,0,0), whose respective indices are 4, 3, 2, 1, while ind(7) = 0. This verifies (ii).
Theorem 26 then implies that with any full spark matrix A of size 4x9, the 9x9 matrix
[G(Z)lﬂ} is invertible for almost every choice of ¢ in C?.

(b) Let L =3 and A = {(0,0), (0,1), (1,0), (2,0)}. Then 7(A) = (2,1,1) and

Co Co C1 Co
Glolz=|a wa Co co
Coy W7Cy Co C1
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It is easy to check that the L-tuples 7 = (2,1,0) and 7 = (2,0, 1) satisfy the conditions
(i), (ii) of Theorem 26 (also see Example 23). Consequently, with any vector a € C* with

no zero entries, the 4x4 matrix [Gf2|x} is invertible for almost every choice of ¢ in C3.
4. Identification of MIMO channels under linear constraints

Let us now extend our SISO results to the multiple-input multiple-output (MIMO)
setting. We shall first extend the results to the multiple-input single-output (MISO)
setting and then to the MIMO setting.

Lemma 28. Let L > 2, N > 1, and AW ... AN © Z;xZ; with L+1 < R =
ZnN:1 |A(| < 2L. Then

span {ker [G(eM)] ) -+ Gy |+ (eD),..,e ™) € Sy} = CF,

where Sy is the set of all (c),...,c™)) € (CYN such that the matriz [G(cM)---
G(c(N))] has full spark (cf. Theorem 7).

Theorem 29. Let L > 2, N > 1, AO ... AN € 7, xZp with Y0 | [A™] = L +1,

and a € CETN\{0}. There exists (cV),...,c¢™N)) € (CY)N such that the (L +1)x(L+1)

. [ae®™ o G(e) . .
matriz | €€ Dl o €A | s invertible. Moreover, such vectors (¢, ..., cN))

constitute a dense open subset of (CL)N with full measure. Hence, the MISO operator
Paley-Wiener space OPW (A) = [OPW (AM™)N_, with side constraints b = a*n, where

beC,n=[n"w], and n™ € CL* forn=1,...,N, is identifiable.

As seen in Theorem 6, the MISO operator Paley-Wiener space OPW(A) =
[OPW (A™)]N_, is identifiable if and only if 25:1 |A(| < L. Theorem 29 shows
that one can overcome such limitations on the total size of A, ... A(N) by taking
linear side constraints into account.

Finally, we generalize the result to the MIMO setting.

Theorem 30. Let L > 2, M,N > 1, A = [Apn)M N with Ay, C ZpxZy and
M Zﬁ;l Amn| = L+1, and a = (ay,...,ay)t € CEFN\{0}, where a,, is a
vector of dimension 27]:[:1 |Arn|. There exists (¢, ..., ¢™N)) € (CE)N such that the
(L+1)x(L + 1) matriz

G'(c(l),...,c(N))|Al 0 0
0 G(c(l),...,c(N))|A2 0
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where Ay, = {Am’n}gﬂ C (ZLxZp)N, is invertible. Moreover, such vectors (¢, ...,
cM)) constitute a dense open subset of (C*)N with full measure. Hence, the MIMO
operator Paley-Wiener space OPW (A) = [OPW (A, ) 1M_ N, with side constraints
b= 2%21 a’ My, , where b e C andn,, = {nm,n}gzl e (CEN form=1,..., M,
is identifiable.

Concerning side constraints of multiple equations, Example 17 in the SISO setting
clearly indicates that Theorems 29 and 30 cannot be extended to linear side constraints
of two or more equations.

5. Applications to continuous-time channel identification and operator sampling

In this section, we discuss the channel identification problem in the continuous-time
setting where the subchannels are represented by operators that act on a function space
over R. As we shall see, results established in the finite-dimensional (discrete-time) set-
ting can be carried over to the continuous-time setting in a straightforward manner.

5.1. Continuous-time SISO channels

In the continuous-time setting, linear time-variant SISO communication channels are
modeled by Hilbert-Schmidt operators of the form

1) = [[ nat.0) MU (e dv
_ / ou(n,€) 2T Fle) e, f e LX(R), (14)

where T; is translation (time shift) by ¢ € R, that is, Ty f () = f(x—t), M, is modulation
(frequency shift) by v € R, that is, M, f(z) = €™ f(z), and f(¢) = [ f(z) e 27%¢ dz is
the Fourier transform of f. The spreading function ng € L*(R?) and the Kohn-Nirenberg
symbol o € L*(R?) of H are related by

og = Fsnu  (equivalently, ng = Fson),

where Fy denotes the symplectic Fourier transform defined as

(Fsg)(x,8) = //g(t, v) e 2w =Et) gt qy,

Here the operator H being Hilbert-Schmidt corresponds to the fact that ng € L?(R?),
or equivalently, that oz € L?(R?). Certainly, an operator of the form (14) is a straight-
forward generalization of (3) to the continuous-time setting.

Similar to the (discrete) support restrictions made for the vector n = {n(k,¥) é;io

in Definition 2, we consider (continuous) support restrictions on the spreading function
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ng = Fsog € L2(R?). The SISO operator Paley- Wiener space for a set S C R? is defined
by

OPW(S) = {H € L(L*(R), L*(R)) : ng € L*(R?), supp Fsop = suppny C S},

(15)

which consists of Hilbert-Schmidt operators on L?(R) whose Kohn-Nirenberg symbol is
bandlimited to S C R2. In order to avoid pathological sets for S C R2, we shall assume
that S is a Jordan domain, that is, a bounded set whose boundary is a Lebesgue zero
set. It should be noted that every operator H in OPW (S) is defined a priori on L?(R),
however, its domain can be extended to classes of tempered distributions [21].

We say that a class of operators H C L(L?(R), L?(R)) is identifiable if there exist a
tempered distribution g and constants 0 < A < B < oo such that

AllHy — Hally < ||H1g — Hagl 2r) < B||H1 — Ha|ly, Hi, Hy € H.

If H is a linear space, this reduces to

AlH|n < [|HgllL2®) < Bl Hlln, HeH. (16)

We refer to operator identification as operator sampling if g is a discretely supported
distribution, in particular, as reqular operator sampling if there exists an identifier of the
form g = >, .7 cnOpr for some T' > 0 and an L-periodic sequence ¢ = {c,}nez and
where 6,1 stands for the delta distribution.

The next theorem shows that the identifiability of OPW(S) depends essentially on
the size of S C R2.

Theorem 31 (/22,1]). Let S C R? be a Jordan domain. The SISO operator Paley-Wiener
space OPW (S) is identifiable by regular operator sampling if |S| < 1, and not identifiable
if |S| > 1.

This result is a continuous-time analogue of Corollary 4. In fact, one can immediately
deduce the first part of Theorem 31 from Corollary 4. The task involves a discretization,
namely, the procedure of finding an appropriate rectification of S and then sampling
with respect to the rectification. This reduces the continuous-time equation to a family
of L x L? linear systems of the form (4) each of which is indexed by (¢, 7). We postpone the
detailed arguments to Section 7.6. Let us mention that this technique, in general, allows
us to carry over results in the finite-dimensional SISO setting to the continuous-time
SISO setting in a straightforward way.
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5.2. Continuous-time MIMO channels

The corresponding formulations for the continuous-time MIMO setting are as fol-
lows. In the N-input M-output case, MIMO channel operators are of the form H :
(L2(R))N — (L*(R))M given by

fi Hyy ... Hin f1 25:1 Hinfn
H :|= : : N :
fn Hyy .. Hyn N Zf:le Hyrn fo,

)

where each subchannel H,, ,, € £(L?(R), L?(R)) is of the form (14). We shall represent
such an operator by the block matrix

Hl,l Hl,N
H=| : ]
HMJ HM,N

and define its spreading function and spreading support componentwise, that is,

n(Hia) - n(Hin)
n(H) = : 5 7
n(Huy1) -+ n(Hun)

and

supp n(H1,1) -+ supp n(Hi,nN)
supp n(H) = : : C (R*)M*N,

supp 1(Hnr,1) - supp n(Hur,n)

The MIMO operator Paley-Wiener space for a set S = {Sp oM N | c (R2)M*N ig
defined by

OPW(S) = {H € L((L*(R))™, (L*(R))™) : n(H) € L*(R*)M*N, supp n(H) C S}-
As in the SISO case, we say that a class of operators H C L((L*(R))V,(L?*(R))M)
is identifiable if there exist a vector g = (g1,...,9n) of tempered distributions and
constants 0 < A < B < oo such that

AllHy — Hol|y < [|[H1g — Hag||r2r) < B||H1 — Hol|ly, Hi, Hy e M.

If H is a linear space, this reduces to

AlH|l3 < [|Hgllr2w) < BllH|l%, HeH.
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[ ] Va2, n(H1) =n(Hz)
[ ] Vas, Hl (Hs)
[ ] Wis, = n(Hs)
[] V1237 H1 = n(Hz2) = n(Hs)

n
n

t

Fig. 1. An example of continuous-time channels with partial linear relation. (For interpretation of the colors
in the figure, the reader is referred to the web version of this article.)

In the continuous-time SISO setting, we have already seen that Theorem 31 is a
continuous-time analogue of Corollary 4. Similarly, in the continuous-time MIMO setting
we have the following as a counterpart of Theorem 6.

Theorem 32 ([7]). Let S = {Syn}M N | c (R2)MXN where each S C R? is a Jor-
dan domain. If 25:1 w(Smn) <1 form=1,...,M, then OPW(S) is identifiable. If
Zivzl 1(Sm.n) > 1 for some m, then OPW (S) is not identifiable.

Using the discretization technique described in Section 5.1, one can also carry over
results in the finite-dimensional MIMO setting to the continuous-time MIMO setting.
We refer to [17] for detailed arguments. Instead of giving details here, we present a
simple example which illustrates the benefit of having linear side constraints in the
continuous-time channel identification problem.

Example 33. Consider a three-input single-output channel H = (H 1, H1 2, H1 3) whose
subchannels Hy; € OPW(S11), Hi2 € OPW(S12), Hi3 € OPW(S:1,3) have the
property of sharing the same spreading function on their common support sets, that
is, n(H1 ;) = n(Hi k) on the set Si; N S1 . For notational simplicity, we shall write
Hy := Hy1, S1 := 511, and so on. It turns out that H = (Hy, Hs, H3) is identi-
fiable if ©(S; U Se U S3) < 1 and not identifiable if p(S; U Se U S3) > 1. Clearly,
1(S1 U Sy U S3) < u(Sy) + p(S2) + p(S3) where the inequality is strict if any two of
the sets S, 55,53 have an intersection of positive measure.

Let us give an intuitive explanation and also draw a connection with the finite-
dimensional setting. To this end, we partition the support sets Sy, Sz, S3 as

S1 = Viasz UVip UVisWUVy,
Sa = Viaz WVio WVa3WVa,
S3 = Viaz UVi3 UVaslU Vs,
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as shown in Fig. 1, and decompose the operators Hy, Hy, Hs as

Hy = Fio3 + Fig + Fi3 + Fi,
Hy = Fio3 + Fio 4 Foz + Fy,
Hs = Fia3 + Fi3 + Fos + F,

where Fio3 € OPW(V123), Fio € OPW(Vlg), Fi3 € OPW(Vlg), Fy3 € OPW(‘/23)7
F, € OPW(V4), F, € OPW(V3), F5 € OPW (V3). The response of H = (Hy, Ha, H3)
to the input g = (g(l), g, g(?’)) is then given by

Hy g + Hy g®) + Hy g
— F123(g(1) + 9(2) + 9(3)) + F12(g(1) + 9(2)) + F13(g(1) + 9(3))
+ F23(9(2) + 9(3)) + F1g(1) + F2g(2) + Fgg(3).

This reformulates the problem of identifying H with the input g to identifying the
synthetic 7-input one-output channel F' = (Fia3, Fi2, Fi3, Fas, F1, Fa, F3) with the input
g = (g + g@ 4+ ¢gB g 4 @ g 4 B 42 4 g@) (1) ¢2) ¢B)) In the latter
setup, all subchannels of F have disjoint spreading support, but instead the input g
has a limitation on its choice. It turns out that such a limitation hardly affects the
identifiability of F' and one can deduce that, similarly as in Theorem 32, F' is identifiable
if u(Vios) + p(Viz) + u(Vig) + u(Vas) + (Vi) + (V) + p(V3) < 1 and not identifiable if
1(Vizs) +p(Viz) +p(Vis) + p(Vas) + (Vi) + p(Va) +p(Vs) > 1, that is, H = (Hy, Ha, Hs)
is identifiable if 1(S7 U S2 U S3) < 1 and not identifiable if p(S; U Sy U S3) > 1.

Translating the problem again to the finite-dimensional setting (based on the recti-
fication technique detailed in Section 7.6), the identifiability of F' is equivalent to the
solvability of the linear system

y = [G(cm 4@ 4 ey Qe 1+ e®) Ge® 1 e®) Ge® +e®)

(11237
12
s

. GeW) G(e®) Ge®)| | n2s |,

m

72

L 73

where 1123, 112, ..., 3 € CL® are the L2-dimensional unknown vectors and c¢() =

c,(cl) ), e = {c,(f)}ﬁ;ol, c® = {cf') +—4 are the L-periodic coefficients of the
delta trains ¢(P), @, ¢, respectively, that is, for some T' > 0, ¢ = Zkez c,(cn) kT
n =1,2,3. If the matrix associated with the linear system were to have full spark, then
the system is uniquely solvable if and only if the vector (1123, 712, 713, 723, 71, 72, 73) © has
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a known support of size at most L. However, the matrix does not have full spark, in-
deed, the first column of G(c™™ + ¢ 4 ¢®)) is a linear combination of the first columns
of G(cM), G(c®), G(c®). Nevertheless, due to the construction of Viss, Via, ..., Va,
the vectors n123, 112, ..., 13 € CL” are disjointly supported and therefore the full spark
property is not necessary. In fact, to establish the desired identifiability result one only
needs that columns of

(G + e 4 )y Gle® + @), G + ey,
G(e® +e®)ayy GV, Ge®)la, Ge)n, ]

with Ajo3, A12,A13, Aos, A1, As, A3 C Z xZj being disjoint sets of total size L, are
linearly independent. Theorem 8 implies that there exist vectors ¢V, ¢, ¢(3)
€ CT with this property.

Remark 34. (i) Explicit reconstruction formulas for the continuous-time SISO channel
identification are derived in [18] and generalizations to the MIMO setting are addressed
in [17].

(ii) Concerning the regular operator sampling of OPW (S), Pfander and Walnut [18]
obtained a slightly more general result than Theorem 31 which also covers the critical
area case |S| = 1. Their result characterizes all spaces OPW (.S) that are identifiable by
regular operator sampling, in terms of a dual tiling condition on the set S.

(iii) It is possible to extend the space OPW(S) by removing the condition oy €
L?*(R?) from (15). If {0} x[-§/2,9/2] C S for some Q > 0, then the extended space
contains the multiplication operators defined by H f(z) = m(x) f(x), where m(z) is an
arbitrary function in the classical Paley-Wiener space

PW(Q) = {f € L*(R) : supp f C [-€/2,9/2]}.

Such operators can be represented in the form (14) with ng(¢t,v) = 6(¢t) m(v) and
o (x,€) = m(x), neither of which is in L?(R?). Using reconstruction formulas devel-
oped for operator sampling of the extended OPW (S), one can immediately deduce the
classical sampling reconstruction formula for PW (). For further details, we refer the
reader to [18].

6. Conclusion

This paper studies the channel identification problem for multiple-input multiple-
output (MIMO) channels under the assumption that subchannels have some known
linear relationship. We formulate the linear relations in terms of linear constraints which
can express relations between and within subchannels.

In the single-input single-output (SISO) setting, we show that preknowledge on linear
side constraints consisting of a single equation allows the identification of OPW (A) with
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|A] = L+1. By taking into account the constraints, this result overcomes the fundamental
limitation that OPW (A) is identifiable if and only if |A| < L. Although this result might
not be surprising, the proof requires a careful analysis on Gabor submatrices which
makes the task surprisingly challenging. The result however does not extend to the
case of linear side constraints consisting of multiple equations, in particular, we give an
example of linear constraints consisting of two equations such that the space OPW (A)
under the constraints is not identifiable for every A with |A| = L + 2. Nevertheless, we
provide some sufficient conditions for linear constraints of k equations so that OPW (A)
with |A| = L + k is identifiable. We then extend the SISO results to the MIMO setting.
We also discuss the applicability of our results in the continuous-time setting.

7. Proofs
7.1. Proof of Assertions in Example 13

(i) Consider a two-input single-output channel H = (H1 1, H1 ) with (0,0) € Ay 1N
A1z and 0y 1(0,0) = n;5(0,0). Such constraints can be represented by the equation

by = Ain,, where A; =[1,0,...,0/—-1,0,...,0] €C1X2L2,n1 = {Zi’l],and b, =0.

2
By Gaussian elimination, we have

B = [G(cmm“ Gy,

,0,....,0 -1,0,...,0
[c(l) Gex 00 G(c(z))|A1,2\<o,0>]

1 0,...,0 ~1 0,...,0
[0 Gy, pooy €V e Gy, 00
1 0,...,0 -1 0,...,0 |’

which implies that B is injective if and only if the matrix

[G(C(l))hl,l\(o,o) | (W +c?) | G(C(z)ﬂm,a\(ovo)}

is injective. Note that this matrix is of the form (8) in Theorem 8 with o = (1,1)T and
A = {(0,0)}. With (¢™,¢®) € (CL)? chosen from the corresponding set S o (defined
in Theorem 8), the matrix is injective if and only if |A1 1\ (0, 0)|+|A1,2\(0,0)|+1 < L, i.e.,
|A11|+|A12] < L+ 1. Since the (L 4+ 1)x(|A11] 4+ |A1,2]) matrix B cannot be injective
for |[A11] + |A12] > L + 1, we conclude that OPW (A) with such side constraints is
identifiable if and only if |A1 1| + |A12] < L+ 1.

(ii) Consider a single-input two-output channel H = (H1 1, Ha1) € OPW(A) whose
subchannels H;; and Hy; are known to be partially identical, i.e., 1y 1|5 = m9]s

for some S C Ay;; N Ag;1. Such constraints can be represented by the equation b; =
Ainyq + Asmy,, where Ay = [0 Is 0] € C5%F° Ay = [0 — I5 0] € C5*L° and by = 0.
Applying the Gaussian elimination, we have
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G(C(l)”A1 1 0
B = 0 G(eD)],,
Aila,, Aslp,,
G(cM)lg Gy, s 0 0
= 0 0 G(cM)|g G(C(l))|/\2,1\s
Is 0 —1Ig 0
[0 G(eM)]y, s 01 *G(Cil))b\g,l\s
~10 0 G(cW)lg Gy, s
LIs 0 —Ig 0
or
[0 Gy, s 0 =G(cM)]y, s
G(eM)lg Gy, s O 0
L Ig 0 —Ig 0

This shows that B is injective if and only if the 2L x (]S|4|A1,1\S|+|A2,1\S|) submatrix

Gy, s 0 ~G(eM)]y, s
0 G(C(l))ls G(C(l))l/\m\s

is injective if and only if the 2L x(|S| 4 |A1,1\S| + [A2,1\S|) submatrix

0 G(C(l)”/\l)l\s _G(C(l)”[\z,l\s
Gy GeM)y, s 0

is injective. With ¢ € C* chosen so that G(c")) has full spark (cf. Theorem 3),
the first submatrix is injective if either max{|A; 1\S|,|A2,1|} < L or max{|A;1\S| +
[A21\S|,|S|} < L; the second submatrix is injective if either max{|A;1\S| +
[A21\S],|S|} < L or max{|A11],|A21\S|} < L. (Note that these conditions are suf-
ficient but not necessary for the respective injectivity.) Consequently, B is injective if
one of the following holds:

(1) max{|A1’1\S\, ‘A2’1|} S L7
(ii) max{|A11],[A21\S|} < L,
(iit) max{|A; 1\S| + [A21\S],|S|} < L.

Note that in any case, we have [A; 1\S| + |A21\S| + |S] < 2L, as indicated by the size
of B € CRLHSDx(Aval+A21])  Therefore, we conclude that OPW (A) under such side
constraints is identifiable if one of the conditions (i)-(iii) is satisfied.

7.2. Proof of Theorem 7 and Theorem 8

For the proofs, we need the following lemma.
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Lemma 35. Let A ... AW C Z xZ1, with 25:1 |A™| < 2L, where L, N > 2. There
exist (kn,0n) € Zp,xZy, n =1,...,N, such that the sets A" + (k,,0,), n=1,...,N
are mutually disjoint.

The bound 2L in Lemma 35 is sharp because e.g., any translation of two sets AV =
{0}xZ, and A® = Z} x{0} always intersect.

Proof of Lemma 35. The proof is by induction.
(i) First, we show that the claim holds for N = 2. Let A, A’ C ZxZp, be such that
|A| + |A| < 2L. The set

{(k7€)€ZLXZLZAQ(A/+(k7€))7é®}
U {(k,0) € ZL X7y, : (p,q) + (K, £) € A}

U

has cardinality at most |A] - [A/| < (JA| + |A/[)?/4 < L? and is therefore a proper subset
of ZpxZy. For any element (k,¢) lying outside this set, we have A N (A" + (k,£)) = 0.

(i) Let AD) ..., AN € ZpxZp, with 3N |AM| < 2L, where L, N > 2. For 2 <
K < N — 1 fixed, suppose that A + (k,,£¢,), n = 1,..., K are mutually disjoint for
some {(kn,0,)}E | C Z1xZy. Applying (i) to the sets A = UL (A + (k,,£,)) and
A = AEHD e find (kgy1,fx11) € ZpxZy, such that AN (A’ (kxi1,0k11)) = 0.
Then A™ + (k,,€,), n=1,..., K 4 1 are mutually disjoint.

From (i) and (ii), we conclude that there exists {(k,,#,)}"_; C ZpxZz, such that
the sets A™ + (k,,£,) are mutually disjoint. O

Proof of Theorem 7. We will only prove the case N = 2, as the generalization to N > 3 is
straightforward. For brevity of notation, we write the matrix as [G(c) | G(d)] € CLx2L*|
where ¢ = (cg, -+ ,c—1)Y, d = (do, -+ ,dr—1)T € CL, and fix any A, A’ C Zp xZ, with
|A] + |A'] = L. By Lemma 35, there exists (a,b) € Z1xZy, for which the sets A and
A + (a,b) are disjoint.

Using the commutation relation TP M = wPIMIT?, we have

M'Td = kb pritbrhte pr=bT=d), k(=0,...,L—1.

Applying this to every (k,¢) in A’ and collecting the phase factors, we find m €
{0,..., L — 1} such that

det[G(c)|, G(d)],] =w™ det[G(c)|, G(MibTiad)|A/+(a,b)]~

Set f = (fo, fi,---» fr—1) = M°T~d. Since AN (A’ 4 (a,b)) = 0, Theorem 3 implies
that det|G(c)|y G(¢)| 54 (q)) is @ nontrivial homogeneous polynomial of degree L in the
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variables (co,...,cr—1). Replacing the ¢ in the second submatrix with f, we note that
det[G(c)[y G(f)|arsap) is @ nontrivial homogeneous polynomial of degree L in the
variables (co,...,¢L—1, fo,- -, fo—1). Further, since the mapping d — f = M T~d
is a unitary linear transform from C¥ onto C¥, it follows that

det|G(e)]y G(d)|p] = w™ det|G(e)[y G(F)lar (o)

is a montrivial homogeneous polynomial of degree L in the variables (co,...,cr—1,do,
...,dr—1). Therefore, the zeros of this polynomial constitute a zero-measure subset of
C?~ that is closed and has empty interior. The proof is complete by observing that there
exist only finitely many choices of A, A’ C ZxZy, with |A| +|A’| = L, and that all the
mentioned properties are invariant under finite unions. 0O

Proof of Theorem 8. We will only prove the case N = 2, as the generalization to N > 3
is straightforward. We may assume without loss of generality that oy # 0. Fix any
AAD AR € ZpxZp with AN (AW UA®) =@ and [A] + [AD] + [A®)] = L, and
enumerate the elements of A C ZyxZy by A = {\1,..., A} where r = |A|. For brevity,
let us write m(\) = M‘T* for A = (k,{) € ZxZy. Using that the determinant of a
square matrix is linear in each of the columns, we have

det| G(a1cV) 4+ ac?) |y G(eM)|p0) G(e?)|r@ ]

2
= Y anan, - det[m(M)e™) (M) GeM) ) G(e®)]ae ]

Nyyeeeyp=1

(a1)” det[ G(cM)[x G(eM)xr G(e?)am ] (17)

+ g Qpy - Qi

(n1,...,n)#(1,...,1)
det[7(A)e™) (M) G|y GeP)| i .

Then, as in the proof of Theorem 7,

det[G(cM)|a Gy G|y ] = det[G(e)suac G(e!?)am ]

is a nontrivial homogeneous polynomial of degree L in the variables (cél), . ,c(Llll, 062),

cee 6211), more precisely, a nontrivial linear combination of monomials each of which is

formed with r+|A()| elements from c(()l), e ,ngl and |A(?)| elements from C(()2)7 e C(LQZl.
As such monomials do not appear in the remaining terms of (17), no cancellation can
occur between the first and the remaining terms of (17). Hence, we conclude that (17) is

a nontrivial polynomial. The rest of the proof is similar to the proof of Theorem 7. O
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7.8. Proof of Theorem 15 and Lemma 16

Proof of Theorem 15. Suppose to the contrary that for some subset A C Z xXZj, of size
L+ 1 and a € C*\{0} there exists no vector ¢ € C¥ such that the (L + 1)x (L + 1)

matrix [G(ac*) |A} is invertible. This in particular means that for every ¢ € S the matrix

[Gsf*)"‘} is rank deficient, and since G/(c)[x € CE*(E+D has the full rank L we deduce

that a* belongs in the row space of G(c)|, that is,
ac ﬂ ran (G(c)|a)™.

However, by the fundamental theorem of linear algebra and Lemma 16 we have

[ ran (G(e)a)" = () (ker G(e)[a)* = {0},

ceS ceS

which is a contradiction. This shows that there exists a vector ¢ € CL such that the
(L+1)x(L+1) matrix [GEIC*)‘A} is invertible, which in turn implies that the determinant

of {GEICNA] is a nontrivial polynomial in the variables ¢y, ...,cr_1. Hence, the set of all

vectors ¢ € CL such that [GEZC*)‘A} is invertible is a dense open subset of C¥ with full
Lebesgue measure. 0O

Proof of Lemma 16. Let us enumerate the elements of A by A = {(k1,¢1),...,(kr,¢r)} C
Z1,xZy, and fix any d € S, so that G(d) has full spark. Then G(d)|5 € CL*E has the
full rank L and therefore V = ker G(d)|5 € C® is an R — L > 1 dimensional subspace
of CE. The full spark property of G(d), and therefore of G(d)|s, implies that every
nontrivial vector in V' must have at least L + 1 nonzero entries, that is, ||z|o > L + 1
for x € V\{0}. Let {vy,...,vg_1} C Cf be a basis of V. Applying the Gaussian elimi-
nation to vy,...,vr_r, in general, gives a nontrivial vector in V' with at least R— L —1
zero entries. If vy,...,vp_; would share a zero entry, then we would get a nontrivial
vector in V' with at least R — L zero entries, that is, with at most R — (R — L) = L
nonzero entries, leading to a contradiction. Therefore, the vectors vq,...,vg_ have no
zero entry in common and consequently, we are able to construct a vector @ € V that
has no zero entry, that is, ||z||o = R.

For 0 < p,q < L — 1 fixed, the commutation relation TFM* = w*M'T* with

w = eQﬂ'i/L

gives
M'TH(MITPd) = JF=P MITP(M*T"d), k,(=0,...,L—1,

and since G(d) has full spark, it follows that G(MYT?d) has full spark as well, that is,
MIT?d € S. Collecting the equation for (k,£) € A we obtain
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G(MT?d)|y = MIT" G(d)|, DP?,

where D9 = diag(wka-0r, . wkri—trP) As @ € ker G(d)|,, this implies that for
p,q=0,...,L -1,

DP9y ¢ ker G(MITPd)|, with MITPd € S.

To prove that span{ker G(c)|s : ¢ € S} = C%, it suffices to show that span{DP g :
p,q=0,...,L —1} = CE. Since all entries of = are nonzero, this is equivalent to

span{y(p’q) :p,q=0,...,L -1} =CFE,
where y(9) = (wqu_elp, ... 7cuqu—eRp)T for p,q =0,...,L — 1. Note that the vectors

R = [wkq*ep]i;io € (CL2, k4=0,...,L—1,
form an orthogonal basis for (CLQ, in particular, the subset of R vectors {v(*i ’éj)}le
is linearly independent and therefore the matrix E = [p*1.6) |p(k2:£2) | | gp(krotr)] ¢
CL*¥R has the full rank R. As the vectors y®9, p,q = 0,...,L — 1, are precisely the
rows of E, we conclude that these vectors span CE. O

7.4. Proof of Theorems 24 and 26

For the proof, we need the following lemma which can be found in e.g., [19].

Lemma 36 (Eztended Laplace Expansion). Let B = [Bi,j]'f\,[jzl be an N xN matriz and let
s =1(81,82,.-.,8m) be a partition of the row indices of B, that is, U;nzl s; =40,...,N—
1} and sjNsp =0 for j # k. Then

det(B) :ngn(s,t) -det B(s1,t1) - ... det B(Sm,tm), (18)

where t = (t1,ta,...,tm) Tuns through all partitions of the column indices {0,..., N —1}
with |t;| = |s;| for j =1,...,m. Here sgn(s,t) = £1 denotes the sign of the permutation
(2 Z “zm ), and B(s;,t;) denotes the submatriz of B formed with the rows indezed by
s; and the columns indexed by t;, where elements in s; and t; are arranged in increasing

order.

Remark 37. Given a partition s = (s1,82,...,8m,) of {0,..., N — 1}, there exist in to-

tal — - distinct choices of t = (t1,t2,...,ty). In fact, each term of the sum in
il ol

(18) contributes exactly |s1]! ... |$m|! terms to the sum in the well-known determinant

formula
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det(B) = Z Sgn(U) BO,O’() Bl,a'l BN71,0N717

ogESN

thereby accounting for all N! = ﬁ x(|s1]! ... |8$m|!) terms in this sum.

Proof of Theorem 24. Assume that det Ay # (—1)Y~1det Ay, for some k and let ¢ €
CT be arbitrary. It suffices to show that the determinant of the matrix (cf. (5))

g— |PxWi DinWyp
Ay Akt

is a nontrivial polynomial in the variables cg,...,cr_1. To see this, we apply Lemma 36
to B with the partition s = ({0,...,L —1},{L,...,2L — 1}) of Zyy, and obtain that

det(B) :ZSgn(s,t) -det B({0,...,L —1},%0) (19)

to

- det .B({L7 .. 72L — 1},ZQL\t0),

where to runs through all subsets of Zo;, with size L. Here sgn(s,t) is the sign of the

{0, L1 {L"“’QL_l}). The term corresponding to to = {0,...,L — 1} is

permutation ( to Zai\to

det(DyWp)det Agr1 =co...cr—1 det(Wp)det Agyq
and the one corresponding to to = {L,...,2L — 1} is
(—I)L det(Dk_HWL) - det Ak = (—1)LCO ...CL—1 det(WL) det Ak

It follows easily from Proposition 20 that these two terms are the only ones that
produce the monomial ¢ ...cp_1, in fact, all monomials appearing in other terms have
indices different from L(L —1)/2 modulo L. Hence, the monomial ¢ ...cr_1 appears in
det(B) with the coefficient det(W ) - (det Ajy1 + (—1)L det Ay) # 0, which shows that
det(B) is not identically zero.

Next, assume L is prime and det Ay # det A, for some 0 < k < ¢ < L — 1. Following
the same arguments with

g- |PsWr DWW,
Ay Ae |7

we find two terms in the sum (19): ¢q...cr—1 det(W ) det Ay corresponding to ty =
{0,...,L—1},and (—=1)¥cq...c_1 det(W ) det Ay, corresponding to tg = {L,...,2L —
1}. Note that since L is prime, we have p(¢ — k) = 0 mod L if and only if p = 0
mod L. Using this fact, we similarly conclude that the monomial ¢y ...cp_1 appears in
det(B) with the coefficient det(W ) - (det A, + (—1)F det A) # 0, hence, det(B) is not
identically zero. O
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Proof of Theorem 26. Applying Lemma 36 to the matrix [G(Z)lﬁ} with the partition
s={0,1,...,L =1} {L,L+1,...,R—1}) of Zg, we have

det ([G(Z”KD = ngn(s,t) ~det G(c)|3(Zr,to) - det A(Zr_r1,ZRg\to),  (20)

where ¢y runs through all subsets of Zp with size L. Here sgn(s,t) is the sign of the

permutation <{O""t’0L_1} {Li};io_l} ) Notice that to each ¢y corresponds a unique subset

A C A of size L satisfying G(c)|3(ZL,to) = G(c)| - Let us denote by o the one with
G(c)|3(ZL,to) = G(c)|,, and rewrite the righthand side of (20) as

sgn(s, i) -det G(C)lf\(ZLa %) -det A(ZR—L7 ZR\%) (21)

+ Z sgn(s,t) - det G(c)|3(Zr, o) - det A(Zp—r, ZRr\to).
to#to

The condition (i) implies that A is the only subset of A with size L that is associated
with the L-tuple 7(A), i.e., 7(A’) # 7(A) for any other subset A’ C A of size L. Together
with condition (ii), we have ind(7(A’)) # ind(7(A)) for every such A’ # A. By Propo-
sition 20, all monomials appearing in det(G(c)|,,) have indices equal to ind(7(A’)) and
are therefore distinct from the ones appearing in det(G(c)|,), which all have indices
equal to ind(7(A)). Equivalently, in terms of tp, this means that monomials appearing
in G(c)|;(Zr,to) with to # to are distinct from the ones appearing in G(c)|;(Zr, to).
Finally, the full spark of A implies det A(Zgr_r,ZRr\to) # 0 and therefore the first term
of (21) is a nontrivial homogeneous polynomial of degree L in the variables cg,...,cr—1
(see Theorem 3). Hence det [G(z)lg} is a nontrivial polynomial and the desired set can

be obtained by excluding the zero set of this polynomial from C*. 0O
7.5. Proof of Lemma 28 and Theorems 29 and 30

Proof of Lemma 28. The case N = 1 is proved in Lemma 16 (it is even proved for
|JA| < L?). We will only prove the case N = 2, as the generalization to N > 3 is
straightforward.

For brevity of notation, we write A, A®) as A, A’. By Lemma 35, there exists (a,b) €
ZXZy such that AN (A" + (a,b)) = 0. Let us enumerate the elements of A by A =
{(k1,41),. .., (kr,0p)} and Q := A" + (a,b) = {(kr41, 1), - - -, (kr,¢Rr)}, where r = |A]
and R = |A| + |Q] (< 2L), and choose (d,d’) € S so that [G(d) G(d')] has full spark.

For 0 < p,q < L — 1 fixed, the commutation relation TEM = W MriTx gives

M'TH(MYT?Pd) = JFIMTITRPd, k0 =0,...,L—1,
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which shows that the columns of G(MT?d) and G(d) are exactly the same up to
ordering and phase factors. Therefore, (d,d') € Sz implies (M?TPd, M7 T? d') € S»
for every p,q,p’,q' =0,...,L — 1. Using the commutation relation once more, we get

M'TH(MTPd) = JFP MITP(M*T"d), k,(=0,...,L—1,
which leads to
G(MT?d)|y, = MITP G(d)|, DP9,
where DP9 = diag(wk9=07 . wkra=tP) € C™*" Similarly, we have that
G(M T*MIT?d) |y = G(MIT?d)|o F = MT? G(d')|o D' P F,

where F = diag(wh+1, ... wkrb) € CE-1)XE=1) and D' PD = djag(wkr+r9—trap
whra=trpy ¢ C(B=m)x(E=7) Combining these together, we obtain

G(MIT?d)|, G(MbT“MqT”d’)|A/} = MT" [G(d)|s G(d)|o] EP? [{) 2.,] :
where BP9 = diag(wkra=6r  FrI—ErP) ¢ CRXE,

As in the proof of Lemma 16, we can find a vector x in ker [G(d)|y G(d')|q] (C CAY9)
with no zero entries. Setting

we note that E®?z € ker [G(MT?d)|y G(M T*MT?d')|,/] and (M?T"d,
MbTanTpd/) € Syforp,q=0,...,L—1. It now suffices to show that span{E(p’q)z :
p,q=0,...,L —1} = CAY? where z € C® has no zero entries; but this was already

seen in the proof of Lemma 16. O

Proof of Theorem 29. We will use similar arguments as in the proof of Theorem 15.
Suppose to the contrary that for some A® ... AN ¢ Z; xZ; with Zi:[:l A =
L+1 and @ € CEH1\{0}, there exists no vector (cV),...,c¢™)) € (C¥)N such that

M o G
the (L + 1)x (L + 1) matrix [G(C Dlaw Gle " )IA(N)} is invertible. This in particular

a
G(C(1>)|A(1) G(C(N))lA(N)
o

deficient, and since [G(cV)| ) -+ G(c™))|,(x] has the full rank L we deduce that
a* belongs in the row space of [G(c)| ) -+ G(e™)| v ], that is,

means that for every (¢, ..., ¢N)) € Sy the matrix { ] is rank

a*

G(eD e G *
ac ﬂ ran{ RN (e >|A<N>} .

ceSN
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However, by the fundamental theorem of linear algebra and Lemma 28 we have

. 1
ﬂ . I:G(C(I)NA(U ...*G(C<N))|A(N)] _ ﬂ (ker [G(dl))l,\m --.*G(C(N))lA(N):|> = {0},
a

a

ceESN ceSN

which is a contradiction. This shows that there exists a vector (¢, ..., c™)) € (CH)N
(e G

such that the (L + 1)x (L + 1) matrix [G(c Naay a*G(c )|A<N)} is invertible, which

G )~ Ge™)],

“ } is a nontrivial poly-

in turn implies that the determinant of [

nomial in the variables c(()l), .. .,cgll, . c(()N), .. .,c(LAi)l. Hence, the set of all vectors
C(l) e C(N) . . . .
(M, ..., ey e (CH)N such that [G( Naw a*G( NA(N)} is invertible is a dense

open subset of (CL)N with full Lebesgue measure. 0O

Proof of Theorem 30. If |A,,| = 25:1 |[Ayn| = L+1 for some m, then the matrix (13)
reduces to

{G(c“%...,cwmm} _ [G(am)hw G(c<N>>|Am,N}

*

a

*
@ m

and the claim follows directly from Theorem 29. Therefore, we may assume that |A,,| < L

for m=1,..., M. Observe that each of the column spaces of
G(c(l),...,C(N)>|A1 0 0
0 G(cM, ... .M, 0
0 0 G(eW, ..., ™),
aj a; ay

has trivial intersection with the others because of the positioning of zero matrices. By
Theorem 29, we can find a vector (¢, ..., eN)) € (CF)N such that each of the matrices

above has full column rank. This in turn implies that the determinant of the (L +
(1) (1)

1)x(L + 1) matrix (13) is a nontrivial polynomial in the variables ¢y ’,...,¢; 4, -,
c(()N), cee c(L]\i)l. Hence, the set of all vectors (¢!, ..., ¢¥)) € (C¥)N such that the matrix

(13) is invertible is a dense open subset of (CX)" with full Lebesgue measure. 0O
7.6. Proof of the first part of Theorem 31, based on Corollary 4

Assume that S C R? is a Jordan domain (a bounded set whose boundary is a Lebesgue
zero set) with measure |S| < 1. Then we can choose T' > 0 small and L € N large so that
S is contained in a fundamental domain of the lattice (LT)Zx(1/T)Z and S intersects
with at most L rectangles of the form [kT, (k + l)T)x[%, ZL*—Tl) with k,¢ € Z, where
the set of all such pairs (k,¢) are distinct in ZxZy, (cf. Remark 20 in [18]). Choosing
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any vector ¢ = {cn}L é € CL from the set S in Theorem 3, we design a pilot signal

9 = D nez Cndnr Where {c,}nez is the L-periodic extension of ¢, i.e., chyr = ¢, for
neZz.

Since S is contained in a fundamental domain of (LT)Zx(1/T)Z, it follows that
Hg € L*(R) for every H € OPW (S). Moreover, it holds that for H € OPW (S),

ZETHg(t,I/) = G(C) ﬁH(t7y)7 (22)
where ZLT is the L-dimensional vector valued Zak transform

ZH f(t,v)
ZLTf<t + T, V) e—27riT1/
2L f(tw) = :

ZLTf(t + (L*l)T, l/) 6727ri(L71)T1/
with ZET defined densely on L?(R) by

ZLTf t, l/ Z f t+’ILLT) 727T’L7LLTV
neZ

and 7y (t,v) = {7u(t, V)(k,g)}ﬁ,z;) is the L?-dimensional vector valued function defined
by

Tt ) ey = 77 D O nu(t+ (L + k)T, v + (L + ) £5) e 2R,
PEZ qEL

For a proof of (22), we refer to Lemma 2.7 and Remark 2.8 in [17] (also see [18,
Lemma 44]).

Note that equality (22) holds in locally L? sense and therefore pointwise almost every-
where. Further, due to the quasi-periodicity of ZET Hg and 7y, it is enough to observe
(22) for a.e. (t,v) in [0,T)x[0, 7). Therefore, the continuous-time problem is reduced
to a family of finite-dimensional problems (22) indexed by a.e. (t,v) € [0,T)x[0, 75).

Let us denote by A the set of all pairs (k,£) € ZxZ such that S intersects with
(KT, (k + 1)T) x [15, £5); then we have |A| < L. Since all elements of A are distinct in
Z1 X7y, the set ' = {(K',0') € ZpxZy, : (pL+k',qL +¢') € A for some p,q € Z} is of
cardinality |A’] = |A| < L. This implies that 775 (¢, 1), = 0 for (¢,v) € [0,T)x[0, 77)
and (k,¢) ¢ A’, which reduces equation (4) to

ZLLTHg(t,z/) =G(o)|y Tu(t,v)]y ae. (t,v)€[0,T)x[0, ﬁ)

Then for a.e. (t,v) € [0,T)x[0, ) fixed, we can apply the finite dimensional result
(Corollary 4) to solve the equation for 7jg (¢, )|,

Now that we have the L2-dimensional vector valued function 7 (¢, v) for a.e. (t,v) €
[0,T)%[0, 27), it remains to show that the spreading function n can be fully determined
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from 7. To see this, we note that suppny C S is contained in a fundamental domain of
(LT)Zx(1/T)Z, and thus for each (t,v) € [0,T)x[0, 75) and (k,{) € ZxZy, at most

one of the values ny(t + (pL + k)T, v + (qL + {)77), p,q € Z, is nonzero. Therefore,

nu can be recovered directly from 7y (t,v) for a.e. (t,v) € [0,T)x[0, 7). Hence, we

conclude that OPW (S) is identifiable.
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